We present the Fermi-surface map of the spin-chiral bulk states for the non-centrosymmetric semiconductor BiTeI using de Haas-van Alphen and Shubnikov-de Haas oscillations. We identify two distinct Fermi surfaces with a unique spindle-torus-type topology and the non-trivial Berry phases, confirming the spin chirality with oppositely circulating spin-texture. Near the quantum limit at high magnetic fields, we find a substantial Zeeman effect with an effective g-factor of ∼ 60 for the Rashba-split Fermi surfaces. These findings provide clear evidence of strong Rashba and Zeeman coupling in the bulk states of BiTeI, suggesting that BiTeI is a good platform hosting the spin-polarized chiral states.
Exotic electronic orders in crystalline solids arise when the spin degeneracy is lifted by the inversion or timereversal symmetry breaking. For example, in superconductivity, strong Rashba coupling induces the parity mixing of the spin-singlet and the spin-triplet pairing [1] , and strong Zeeman coupling produces the spatiallymodulated superconducting order known as the FuldeFerrell-Larkin-Ovchinnikov phase [2] . Also, both strong Rashba and Zeeman coupling combined with the superconductivity lead to spin polarized superconductors that can host the Majorana states [3] . However, experimental realization of these exotic phases in three dimensional (3D) materials, which are good platforms for the electronic orders, is usually limited by very small Rashba and Zeeman coupling strengths. In this respect, the noncentrosymmetric semiconductor BiTeI has attracted considerable interest recently because it can provide an intrinsic 3D bulk system with giant Rashba effect [4] [5] [6] [7] [8] [9] .
BiTeI consists of positively charged BiTe layers and negatively charged I layers stacked alternately without the inversion symmetry. Ab-initio calculations predicted that the Rashba effect is greatly enhanced for bulk states of BiTeI with a large Rashba parameter α R of ∼ 3.5 eV/Å [5] . Experimental verification of the spin-chiral bulk states in BiTeI is essential and several angle resolved photoemission spectroscopy (ARPES) measurements [4, [6] [7] [8] have been performed for this purpose. These studies, however, demonstrated that two dimensional (2D) Rashba-split surface states coexist with 3D Fermi surfaces. This blocks a direct access to the Rashbasplit bulk Fermi surfaces in BiTeI, and their detailed nature of the spin chirality, the Fermi surface topology, and the strengths of Rashba and Zeeman coupling has not been clarified yet.
In contrast to ARPES, magnetic quantum oscillations at high magnetic fields provide a more sensitive probe for investigating the Fermi surfaces in all crystallographic axes [10] as well as their spin chirality with nontrivial Berry's phases [11] [12] [13] [14] [15] . In fact, the quantum oscillations of the resistivity, i.e., the Shubnikov-de Haas (SdH) effect, were employed recently to study the Fermi surfaces of BiTeI [16, 17] . However, the SdH measurements alone cannot completely rule out the possibility of detecting the Rashba-split surface states rather than the bulk states. This contrasts to the de Haas-van Alphen (dHvA) effect, i.e., the quantum oscillations of magnetic susceptibility, which is bulk sensitive. In this Letter, we present the full map of the bulk Fermi surfaces of BiTeI obtained from both dHvA and SdH measurements over wide ranges of magnitude and tilting angle of magnetic fields. We unambiguously determine the spindle-torus-type topology, the oppositely circulating spin chirality, and the significantly large g-factor in the Rashba-split bulk Fermi surfaces of BiTeI. These results suggest that BiTeI provides a promising platform to incorporate spin-polarized bulk states, which can host intriguing electronic orders without spin degeneracy.
Single crystals of BiTeI were grown using the Bridgman method [4] . For the dHvA experiments, we employed torque magnetometry. Small single crystals with a size of about 30×30×10 µm 3 were mounted on the miniature Seiko piezo-resistive cantilever. To study the SdH effects, the in-plane resistivity was measured in the standard 6-probe geometry. In total, four samples (S1∼S4) from the same batch were measured in magnetic fields up to 14 T using a Physical Properties Measurement System (Quantum Design), to 33 T using a Bitter magnet at the National High Magnetic Field Lab. (NHMFL), Tallahassee, USA, and to 62 T using a pulsed field magnet at the Hochfeld-Magnetlabor (HLD), Dresden, Germany. First principles calculations were carried out in the plane-wave basis within the local-density and generalized gradient approximations (LDA and GGA) for exchange-correlation functionals [18, 19] . We used the Vienna ab-initio simulation package [20] . A Cutoff energy of 400 eV was chosen in the plane-wave basis set to expand the wave-functions and atomic potentials. Employing the experimental lattice parameters a = 4.340Å and c = 6.854Å [21] , the ionic positions were fully optimized until the forces on each ion became less than 0.01 eV/Å. The k-point integration was done by sampling the Brillouin zone with k-point meshes of 10×10×8 grids.
Figure 1(a) shows the magnetic field dependence of the torque signal τ as the magnetic field is rotated from
tends to curve with a dip or a hump near B ∼ 5 T, followed by the B 2 -dependence at higher magnetic fields, which is in contrast to the conventional B 2 dependence. Since the torque magnetometry measures the anisotropy of magnetic susceptibility (∆χ = χ c − χ ab ) as described by τ ∝ B 2 ∆χ sin(2θ) [22] , initial decrease of τ (B) in our measurement should be related to a strong diamagnetic signal for BiTeI. In fact, a recent study on the magnetic susceptibility of BiTeI demonstrated a large diamagnetic susceptibility (χ c < 0) while keeping a paramagnetic χ ab when the Fermi level is near the band crossing point [23] . In addition to the background signal in τ (B), clear dHvA oscillations were observed [ Fig. 1(a) ]. We found slow oscillations at relatively low magnetic fields (denoted by the arrows in Fig. 1 ) and fast oscillations at higher magnetic fields above B ∼ 11 T [24] . The SdH oscillations in the in-plane resistivity ρ upon variation in angle θ [ Fig Unlike the SdH effect, the dHvA effect has dominant sensitivity on the bulk states over the surface states. The dHvA effect may be found in 2D electron systems, producing small saw-tooth-type oscillations due to the chemical potential rearrangement [25] . But, this is not the case in our results. The consistent results obtained from dHvA and SdH measurements provide direct evidence of monitoring the bulk Fermi surfaces of BiTeI. The dHvA and SdH oscillations of BiTeI differ essentially from the typical behaviors of Rashba-split Fermi surfaces in semiconductor heterostructures. For a small Rashba splitting, the inner and outer Fermi surfaces should have similar sizes, and produce a beating pattern in the quantum oscillations as found in e.g., InGaAs/InAlAs heterostructures [26] . In BiTeI, however, we observed two well-separated frequencies. For θ ≈ 0, frequencies of F ∼4.5(6)T and F ∼360(10)T correspond to the inner and the outer Fermi surfaces, respectively. From the Onsager relation F = (Φ 0 /2π
2 )S F , where Φ 0 is the flux quantum and S F the Fermi surface size, we estimate S F to be 0.043(5) nm −2 and 3.48(7) nm −2 for each oscillation, consistent with recent SdH measurements [16, 17] . Such a large difference in the size of Rashba-split Fermi surfaces confirms the giant bulk Rashba effect in BiTeI.
Having established that the quantum oscillations originate from the 3D bulk states, now we discuss the Fermi surface topology of BiTeI. As the Fermi level E F crosses the degenerate point (E F = 0), the bulk Fermi surface of BiTeI undergoes a topological transition from a ringtorus-type (E F < 0) to a spindle-torus-type (E F > 0) [ Fig. 2(a) and (b) ]. Accompanied by the topology change, the spin textures of the inner and the outer Fermi surfaces are also significantly modified. In the Rashbasplit Fermi surfaces, the circulating direction of the polarized spins is opposite in the upper and the lower bands. Therefore, for the spindle-torus-type (E F > 0), electron spins in the inner and the outer Fermi surfaces circulate in the opposite direction. In contrast, for the ring-torustype (E F < 0), they circulate in the same direction.
The experimental determination of the Fermi surface topology, however, is hampered by subtle differences in the shapes of the spindle-torus-type and the ring-torustype Fermi surfaces. For example, the intensity map of bulk-sensitive soft X-ray ARPES cannot distinguish them due to insufficient resolution [7, 8] . Comparing the Fermi surface sizes (S F ) and the cyclotron mass (m c ) from SdH measurements with ab-initio calculations [17] is also not enough either to determine the Fermi surface topology. In Fig. 2(c) and (d) , we show the calculated The angle dependence of the dHvA and SdH oscillations unambiguously determines the Fermi surface topology. Figure 3 shows the oscillatory part of the torque signal (τ osc ) and the resistivity (∆ρ osc ) as a function of the out-of-plane magnetic field B ⊥ = Bcos(θ). At low angles, the oscillations show a scaling of the peak positions with B ⊥ , while such a scaling breaks down at higher angles [ Fig. 3(a)−(c) ]. The corresponding frequencies [28] with the tilted angles θ follow F ∝ 1/cos(θ) at low θ's for both the inner and the outer Fermi surfaces. Such a quasi-2D behaviour is consistent with the previous studies [17] . The clear deviation from the 2D behaviour is only observed at θ > 70 o for the inner Fermi surface and at θ > 40 o for the outer Fermi surface. These results clearly demonstrate that SdH and dHvA measurements over a wide range of tilting angles are essential for revealing the highly-elongated 3D Fermi surfaces of BiTeI. A key difference between the ring-torus-type and the spindle-torus-type Fermi surfaces is observed in the curvature of the inner Fermi surface along k z . For the ringtorus-type, the cross-section increases more rapidly with the tilting angle θ than the 2D cylindrical case. But, for the spindle-torus-type, it decreases rapidly with θ at high angles. Thus the angle dependence of the inner Fermi surface close to the in-plane magnetic field is critical for determining the Fermi surface topology of BiTeI. The F cos θ for the inner Fermi surface [ Fig. 3(c) ] suddenly decreases at θ > 70 o , consistent with the spindle-torus-type FS. The calculated F cos θ assuming E F = 30 meV in the GGA calculations shows a good agreement with the experiments. This confirms the Rashha energy of E R ∼ 150 meV for the bulk Fermi surfaces of BiTeI [ Fig. 3(a) ]. We note that the Rashba energy E R is much larger than the Fermi energy of E F ≈ 30 meV. Hence, our system is close to the transition of the Fermi surface topology, which can be induced by tuning the E F across the degenerate point with slight hole doping [7] . Now we discuss the spin chirality and the Zeeman effect in the quantum oscillations of BiTeI. For the Rashbasplit Fermi surfaces, the electron momentum-spin locking produces non-trivial Berry's phase in the cyclotron orbit, which gives an additional phase offset (γ) in the quantum oscillations [11, 15, 29, 30] . The phase offset is estimated from the so-called Landau fan diagram, where the extrema of the quantum oscillations (1/B n ) are plotted with the Landau index (n) as shown in Fig. 4 . For a bulk system that has the resistivity (ρ xx ) much larger than the Hall resistivity (ρ xy ), the integer filling factor n is assigned to the maximum of the ρ xx because ∆σ xx ∼ −∆ρ xx [11] . In this case, the extrapolation of the Landau fan diagram to the limit of 1/B → 0 determines the phase offset γ. For the spindle-torus-type Fermi surfaces, the spins in the inner Fermi surface circulate in the opposite direction to those of the outer Fermi surface. Then, γ is expected to be ±0.5 corresponding to the non-trivial Berry's phase of ±π for the inner (α = +1) and the outer (α = −1) Fermi surfaces. The Landau fan diagram of BiTeI, however, exhibits a clear deviation from the linear dependence at higher magnetic fields [Fig. 4] . This leads to γ ∼ −0.1 for both Fermi surfaces, far from the expected values of ±0.5. Similar behaviour was also reported for topological insulators such as Bi 2 Se 3 [15] .
According to recent theoretical calculations [29] [30] [31] , the phase offset γ depends on the magnetic field, because the Zeeman gap is induced near the quantum limit at high magnetic fields. In this case, the inner Fermi surface shrinks whereas the outer Fermi surface expands with increasing magnetic fields. This leads to nonuniform Landau level spacing at high magnetic fields, which is indeed found in our experiments. As shown in the inset of Fig. 4 , the deviation from the linear dependence shows positive (negative) curvature for the inner (outer) Fermi surfaces. Then γ near the quantum limit of high magnetic fields deviates from the zero-field limit of the phase offset γ B→0 = ±0.5 which corresponds to the intrinsic Berry's phase [29] . Therefore, the significant nonlinear dependence of the Landau fan diagram indicates strong Zeeman effects in BiTeI with a large effective g-factor.
The zero-field phase offset (γ B→0 ) and the effective gfactor are estimated using the procedure of Wright and Mckenzie [30] . As shown in Fig. 4 , the Landau fan diagram for both the Fermi surfaces is fitted quite well by the equation of n =
is the parameter describing the effects of the Zeeman gap and the electron-hole asymmetry [30] . The fitting yields the zero-field phase offset of γ B→0 = 0.3 (2) and -0.35 (9) for the inner and the outer Fermi surfaces, respectively. While a slight deviation from the ideal value of ±0.5 is observed, which is presumably due to the warping of the Fermi surface [10] , the non-trivial γ B→0 confirms the spin-chirality in the bulk Fermi surfaces of BiTeI. In particular, the opposite signs of γ B→0 for the inner and the outer Fermi surfaces reveal the oppositely circulating direction of their polarized spins. This is clearly consistent with the spindle-torus-type topology of the Fermi surface as found in Fig. 3 .
Effective g-factor from the fitting is estimated to be g ∼ 56 and g ∼ 63 for the inner and the outer Fermi surfaces, respectively [32] . These values are significantly larger than the typical g-factor of ∼ 2, but similarly large g-factor was found in Bi-based narrow-gap semiconductors such as Bi 2 Se 3 [33] . Typical conditions for large g-factor in semiconductors are known to be a small energy gap, strong spin-orbit interaction, and symmetry of the energy bands [34] . These conditions are well-satisfied in the electronic structures of BiTeI, which are in fact considered as the origin of the giant Rashba effect [5] . With a large g-factor of ∼ 60, the Zeeman energy can be comparable to the Fermi energy of E F ≈ 30 meV at a magnetic field of B ∼ 10 T. We note that the Rashba energy E R ∼ 150 meV in BiTeI is also well above the Fermi energy E F . When the Rashba energy and Zeeman energy exceed the Fermi energy, the spin-polarized chiral states are realized as found in the surface states of topological insulators. This implies that BiTeI at moderate magnetic fields or with exchange fields near the thin film of ferromagnetic metals can support the spin-polarized chiral states, providing a good platform of realizing exotic electronic orders without the spin degeneracy.
In summary, based on dHvA and SdH oscillations of BiTeI single crystals, we clarified the detailed nature of the bulk Fermi surfaces of BiTeI: the spindle-torustype topology, the oppositely circulating spin chirality, and the significantly large Zeeman effects with g-factor of ∼ 60. Exploiting the 3D nature of BiTeI, we expect that various phase transitions can be explored by modifying its electronic structure with e.g., pressure or chemical doping. For example, recent theoretical calculations predicted that external pressure induces the band inversion, which converts BiTeI into topological insula-tors [35] . Enhanced superconducting instability was also proposed due to the effective reduction of the dimensionality in the low-density region of the Rashba system [36] . Strong Rashha and Zeeman coupling, therefore, render BiTeI as a promising material for efficient spin control using electric or magnetic fields as well as for hosting various topological quantum phase transitions.
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